Abstract. Let G be a connected reductive group over Q. In this paper, we give the stabilization of the local trace formula. In particular, we construct the explicit form of the spectral side of the stable local trace formula in the Archimedean case, when one component of the test function is cuspidal. We also give the multiplicity formula for discrete series. At the same time, we obtain the stable version of L 2 -Lefschetz number formula.
Introduction
Suppose that G is a connected reductive group over Q, and Γ is an arithmetic subgroup of G(R) defined by congruence conditions. Consider the regular representation R with G(R) acting on L 2 (Γ\G(R)) through the right translation. The fundamental problem is to decompose R into a direct sum of irreducible representations. In general, we decompose R into two parts R = R disc ⊕ R cont , where R disc is the sum of discrete series, and R cont is the continuous spectrum. The continuous spectrum can be understood by Eisenstein series, which was studied by Langlands [23] . It suffices to study R disc . If π R ∈ R disc is an irreducible representation, we denote R disc (π R ) for the π R -isotypical subspace of R disc . Then
, where m disc (π R ) is the multiplicity. A classical problem is to find a finite summation formula for m disc (π R ).
If π R belongs to the square integrable discrete series, and Γ\G(R) is compact, then Langlands [21] gave a formula for m disc (π R ). If Γ\G(R) is noncompact, the first result is for G(R) = SL 2 (R), the formula for m disc (π R ) appeared in Selberg's paper [26] . For G having R-rank one, there is a formula for it in [25] . In general, for G having any R-rank, Arthur [3] studied the sum of multiplicities (1.1)
Date: June 7, 2018. by using the invariant trace formula, where the L-packet Π disc (µ) is a finite set of discrete series representations of G(R) with the same infinitesimal character µ, and K 0 is an open compact subgroup of the finite adelic group G(A fin ). More generally, we can consider Hecke operators h on L 2 (Γ\G) that commute with R, and write R disc (π R , h) for the restriction of h to R disc (π R ). Arthur [3] obtained a formula for (1.2) π R ∈Π disc (µ) tr(R disc (π R , h)), under a weak regularity condition on µ. The spectral side of invariant trace formula corresponds to (1.2) , if the test function is taken to be a stable cuspidal function f µ associated to µ. Therefore, the explicit formula for (1.2) follows from the geometric side of invariant trace formula. A key point is that the invariant distribution I M (γ, f µ ) vanishes, if γ is not semisimple.
We shall give a formula for the multiplicity of single representation m disc (π R ) and tr(R disc (π R , h)), which was conjectured by Spallone and Wakatsuki [31, Conjecture 1] , who also had checked two special cases. When one tries to use the invariant trace formula to obtain the multiplicity formula, with the test function being the pseudo-coefficient f π R for a single representation π R , the invariant distribution I M (γ, f π R ) in general does not vanish for γ having nontrivial unipotent part. Now we do not know how to obtain an explicit formula for I M (γ, f π R ) in this case. To capture a single representation and obtain the stable cuspidal function, we need to use the endoscopy theory and the stable trace formula.
Fortunately, when G is a K-group, Arthur [9] , [10] , [11] has obtained the stabilization of the general trace formula in 2003, assuming the Fundamental Lemma and the the weighted Fundamental Lemma. In 2008, Ngo [20] proved the Fundamental Lemma, and the weighted Fundamental Lemma was proved by Chaudouard-Laumon. As a result, we have an unconditional stabilization of global and local formal trace formula. From this we obtain the following proposition by combining with the splitting formula. Proposition 1.1. For any h ∈ H(G(A fin )), and π R ∈ Π disc (µ), with the infinitesimal character µ being regular, we have
See section 4 for more details. The stable coefficients b M ′ (δ) and the stable distributions S It remains to study this distribution in the case of semisimple elements of G ′ (R). We shall give the explicit formula for the stable distribution S G ′ M ′ (δ, f π R ) through comparison of the stable local trace formula with the stable Weyl integral formula. We need to stabilize directly the spectral side of the local trace formula in the Archimedean place.
In the p-adic case, when the test function is cuspidal at two places, Arthur [7] gave a concrete formula about the geometric side of stable local trace formula, which is just an inner product. We shall establish a formula in the Archimedean case, with the test function being cuspidal at only one place, so it is more complicated. It suffices to study the stable distribution on quasisplit groups. Our work relies on the harmonic analysis on reductive groups of Harish-Chandra [13] , [14] , [15] , and on the Langlands [22] classification of the irreducible representations of real algebraic groups. We also need the work of Shelstad [29] , [30] , who classified the tempered representations, directly constructed the spectral transfer factors, and gave the inverse adjoint relations. For the stable local trace formula, we need to build the transfer factors with respect to the virtual tempered representations τ = (M, π, r) and the Langlands parameters. The main obstruction is to show that the representation theoretic R-groups R π and the endoscopic R-groups are compatible. This is the essential part that allows us to stabilize the local trace formula. We will also build the general inverse adjoint relations, and obtain an explicit formula for the spectral side of the stable local trace formula, c.f. Section 6. Theorem 1.2. If f = f 1 ×f 2 , f 1 ∈ C cusp (G(R), ζ), and f 2 ∈ C(G(R), ζ), then
and S G ′ (f ′ ) is a stable distribution on G ′ , where
We shall obtain a stable local trace formula S geo = S spec in Theorem 7.1 and an explicit formula for the stable distribution. We then have the following main theorem.
Theorem 1.3. If h ∈ H(G(A fin
), and the highest weight of representation µ is regular, then we have tr(R disc (π R , h))
and the multiplicity formula of the discrete series is m disc (π R , K 0 ) = tr(R disc (π R , 1 K 0 )).
We will also give a stable L 2 -Lefschetz formula, when the test function is stable cuspidal. This case is also studied in an unpublished work of Kottwitz [19] . Theorem 1.4. For any h ∈ H(G(A fin )), we have
The content of the paper is as follows. In section 2, we will introduce K-groups, which are unions of connected reductive groups. If F is a p-adic field, then a K-group over F is still a connected reductive group. However, if F is an Archimedean field, then a K-group over F is not connected. Any connected reductive group G 1 is a component of a unique K-group G. The invariant and the stable distributions can be extended to K-group as in [8] .
In section 3, we will obtain the relation between multiplicity and invariant trace formula. However when the test function is a pseudo-coefficient, we cannot give an explicit invariant trace formula. This is because we cannot cancel the contributions coming from the unipotent elements. For test functions which are not stable, we need to stabilize the invariant trace formula to overcome this obstruction. In general, the invariant trace formula is the identity obtained from two different expansions of a certain linear form I(f ). One side is the geometric expansion
which is a linear combination of distributions parameterized by conjugacy classes γ in Levi subgroups M(F S ). The other side is the spectral expansion
which is a linear combination of distributions parameterized by representations π of Levi subgroup M(F S ). Here f ∈ H(G, S) in the Hecke algebra of G(F S ) (see [1] , [2] ), S is the finite set of place in F . Arthur [11] had stabilized the invariant trace formula. So we can express the multiplicity by using the geometric side of the stable global trace formula.
In section 4, We apply the splitting formula to reduce the local component of the global trace formula for the Archimedean case. Compared with the local trace formula, the local component of the global trace formula is more complicated, because it contains contributions from nontrivial unipotent elements. When the test function is stable cuspidal, those contributions vanish, and the local components of the local trace formula coincide with the local components of the global trace formula. Moreover, the pseudo-coefficient of a representation can be transferred to a stable cuspidal function under the Shelstad transfer mapping. So it is enough to study the stabilization of local trace formula. In general, the geometric side of the local trace formula concerns semisimple regular elements. The spectral side of the local trace formula concerns the tempered representations and is thus much simpler in comparison with the global trace formula.
The spectral side of the invariant local trace formula contains a natural object, which is called the virtual character. A simple invariant local trace formula can be given in terms of the virtual representation as in [5] . In section 5, we introduce the virtual representation for the Archimedean case, and define the transfer factors ∆(τ, φ) together with the inverse factors ∆(φ, τ ), building on Shelstad's work [29] . Then we stabilize the spectral side of the local trace formula. When one component of the test function is cuspidal, we just need to consider elliptic representations. In section 6, we obtain a formula for the spectral side of the stable local trace formula.
In section 7, we study the main term S G M (δ, φ). To do this, we need to stabilize the Weyl integral formula, which connects between the geometric and spectral sides of a local component of the local trace formula. We can then compare with the stable local trace formula, and the main term of the formula will appear.
In section 8, we establish the relation between S G M (δ, f ) and the invariant main term Φ M (γ, f ). This allows us to overcome the key obstacle. We have S G M (δ, f φ ) = 0, if δ is not semisimple, where f φ is a stable cuspidal function which arises by a transfer from a pseudo-coefficient of π. We shall collect various terms, and they will be combined into our main formula in Theorem 8.3. In section 9, we shall give a stable formula for L 2 -Lefschetz number, when the test function is stable cuspidal. Acknowledgements. I would like to thank my advisor James Arthur's help and encouragement with this project. This paper is indebted to Chung Pang Mok for much useful conversation. I would like to thank Bin Xu for helpful conversation. We gratefully acknowledge generous support provided by the National Natural Science Foundation of P.R. China Grant No.11601503.
Preliminaries and distributions of K-groups
2.1. Notation. Let G be a reductive group over Q, M be a Levi subgroup of G, P be a parabolic subgroup, and A G be the Q-split component of the center of G. If γ is a semisimple element of G, we denote by G(Q, γ) the centralizer of γ in G(Q), and write G γ for the identity component of G(Q, γ). Write G der for the derived group of G, G sc for the simply connected cover of G der . We say that G is cuspidal, if G(R) contains a maximal R-torus T such that T /A G is anisotropic over R. In other words, the Q-split component coincide with R-split component A G(R) and the real group G(R) contains an R-elliptic maximal torus. A torus T in G is elliptic if T /A G is anisotropic. An element of G(R) is elliptic if its centralizer in G(R) is an elliptic torus of G. Let X(G) R be the module of R-rational character on G, and a G = Hom(X(G) R , R).
We denote by A the ring of adéles of Q, and denote by A fin the finite part of adéles ring over Q, so that A = R × A fin . We denote by G ′ an endoscopy group of G. The center of G is denoted as Z(G), and we will denote by Z a central induced torus in G over Q. Throughout the paper, F will be a field of characteristic 0.
2.2. K-groups. K-groups are natural objects for studying the stabilization of general trace formula, which contain several connected components. To work with several groups simultaneously is suitable for studying the transfer properties of the various objects in the trace formula. The use of several inner forms is due originally to Vogan. When Kottwitz learned of Vogan's idea, he applied it to the Langlands-Shelstad transfer factors. We shall follow Arthur's discussion [8] , where he extended the geometric transfer factors to K-groups.
(1) G is an algebraic variety whose connected components are reductive algebraic groups over F , endowed with an equivalence class of objects {(ψ, u)}. Here (ψ, u) = {(ψ αβ , u αβ ) : α, β ∈ π 0 (G)}, ψ αβ : G β → G α is an isomorphism overF , and u αβ : Γ → G α,sc is an 1-cocycle, where Γ = Gal(F /F ). We require that {(ψ, u)} satisfy the compatibility conditions,
, for any α, β, γ ∈ π 0 (G) and τ ∈ Γ, (2) the corresponding sequence
of pointed sets is exact. Here α ∈ π 0 (G), the map K Gα is defined in [17, §1] .
The notation π 0 (G) is a set of indices for the components of G, and we write π 0 (Z( G) Γ ) for the set of connected components of Z( G) Γ as usual. We say that two such families (ψ, u) and (ψ ′ , u ′ ) are equivalent, if there are elements g αβ ∈ G α,sc such that ψ ′ αβ = Int(g αβ )ψ αβ and u ′ αβ (τ ) = g αβ u αβ (τ )τ (g αβ ) −1 , for any α, β ∈ π 0 (G) and τ ∈ Γ. We call a representative (ψ, u) from the equivalence class as a frame for G. If F is p-adic, K Gα is a bijection [17, Theorem 1.2], so a K-group is just a connected reductive group. If F is Archimedean, the kernel of K Gα is the image of H 1 (F, G α,sc ) in
, and the number of components of a K-group over R therefore is equal to the number of classes in this image.
Suppose that G is a K-group, then we can write
from G toḠ (as varieties over F ) that preserves all the structures. In other words, it satisfies the following two properties:
(1) For any α ∈ π 0 (G), andᾱ = θ(α) the image of α in π 0 (G), the restriction θ α : G α →Ḡᾱ is a homomorphism of connected algebraic groups. (2) There are frames (ψ, u) and (ψ,ū) for G andḠ, such that θ α • ψ αβ =ψᾱβ • θ β , and uᾱβ = θ α,sc (u αβ ), for each α, β ∈ π 0 (G).
An isomorphism of K-groups is an invertible homomorphism. Arthur introduces the notion of weak isomorphism in [9, §4] . It satisfies all the requirements of an isomorphism except for the condition relating uᾱβ with u αβ , so that one can identify K-groups that differ only by the choice of functions {u αβ }. If we are given a connected reductive group G 1 over F , we can find a K-group G over F , such that G α 1 = G 1 for some α 1 ∈ π 0 (G). There could be several such G, but the weak isomorphism class of G is uniquely determined by G 1 . In particular, any connected quasisplit group G * has a quasisplit inner K-form G, which is unique up to weak isomorphism. We say that K-group G is quasisplit if it has a connected component that is quasisplit over F .
The Levi subgroups M of a K-group G was defined [8, §1] . For any such M, we construct the associated objects W (M), P(M), L(M) and F (M) as in [8, §1] , which represent the Weyl group, the set of the parabolic subgroups for which the component of Levi subgroup equals M, the set of Levi subgroups which contain the Levi subgroup M and the set of parabolic subgroups for which the component of the Levi subgroups contain the Levi subgroup M respectively. They play the same role as in the connected case. We can also form a dual group G for G, and a dual Levi subgroup M ⊂ G for M. For any such group M , we also have the analogue object P( M ), L( M) and F ( M), with the understanding that the sets contain only Γ-stable elements. It comes with a bijection L → L from L(M) to L( M ), and a bijection P → P from P (M) to P ( M).
Invariant harmonic analysis for connected real groups extends in a natural way to Kgroups. For example, we have the Harish-Chandra's Schwartz space,
on G(R), and its invariant analogue
Elements in C(G) are the functions on G(R), and elements in I(G) can be regarded as the functions on the disjoint union
of sets of irreducible tempered representations on the groups G α (R), or as functions on the disjoint union
of the sets of strongly regular conjugacy classes in the groups G α (R).
For purpose of induction argument, it is convenient to fix a central character datum (Z, ζ) for G, where Z is an induced torus over R, with the central embedding Z → Z α ⊂ G α that is compatible with isomorphisms ψ αβ . The second component ζ is a character on Z(R), which corresponds to a character ζ α on Z α (R) for each α.
We can then form the space
of ζ −1 equivariant Schwartz functions on G(R), and its invariant analogue
Elements in I(G, ζ) may be regarded either as ζ
If γ lies in Γ(G α ), we write G γ for the centralizer in G α of (some representative of) γ. Two classes γ 1 and γ 2 in Γ(G) with γ i ∈ Γ(G α i ) for i = 1, 2 are stably conjugate, if ψ α 1 α 2 (γ 2 ) is conjugate in G α 1 (F ) to γ 1 , for any frame (ψ, u). We can then write ∆ reg (G(F )) for the set of strongly regular stable conjugacy classes in G(F ). There is a canonical injection δ → δ * from ∆ reg (G) to the set ∆ reg (G * ) = ∆ reg (G * (F )) of strongly regular stable conjugacy classes in the quasisplit inner twist G * (F ).
An endoscopic datum for G is defined entirely in terms of the dual group G, and is therefore no different from the connected case. E(G) will stand for the set of isomorphism classes of endoscopic data for G that are relevant to G. An element in E(G) is therefore the image of some elliptic endoscopic datum
The set E(G) embeds into the larger set E(G * ), which we identify as the collection of all isomorphism classes of endoscopic data for G. For each
, we fix a central extension as in [7, §2] .
A K-group is a natural domain for the transfer factors of [24] . If F is Archimedean, Arthur extends the transfer factors to the K-groups. It is known [30] that the set of conjugacy classes in the stable conjugacy classes of K-group can be parametrized by the set
where T is a compact maximal torus. Similarly, an L-packet of discrete series representations is parametrized by E(T ).
For example, If we consider the connected group
. Then a stable conjugacy class of regular elliptic elements of G ′ consists of three conjugacy classes parametrized by three of the four elements of
Similarly, an L-packet of discrete series representations of G ′ is parametrized by three elements of the same group, and we can obtain the other conjugacy class and the other representation from G 1 .
We also extend Langlands-Shelstad transfer mapping to K-groups.
Here H(G, ζ) is the Hecke algebra. SI( G ′ , ζ ′ ) is the space of stable orbital integrals of functions. If F is non-archimedean, this is the main result of Waldspurger [33] and Ngo [20] . If F is Archimedean, the result was proved in Shelstad's paper [27] .
If F is a global field, then there is a notion of K-group over F . Such a G satisfies the global analogue of the property as above, together with a local product structure. A local product structure on G is a family of local K-groups (G v , F v ), indexed by the valuations of F , and a family of homomorphisms
of components. We also have a group theoretic injection of G α (F ) to G αv (F v ) for each α ∈ π 0 (G). We shall write
Suppose that G is a K-group over F , and G * is a quasisplit inner twist of G. Then G * is a connected quasisplit group over F , together with a inner class of inner twists ψ α : G α → G * and a corresponding family of functions
where
. The Langlands-Shelstad transfer Theorem, applied to each of the groups
Similarly, we can define the objects on a K-group on the spectral side. We will stabilize the spectral side of the local trace formula for the K-group over R in section 5, section 6, and section 7.
Multiplicity of discrete series and invariant trace formula
Suppose that F is a number field, and G is a connected reductive K-group over F . We can form the adélic ring A F = ′ v F v , and the group of adélic points of
Automorphic representations of G over F are irreducible constituents of the right regular representation of R, defined by
The fundamental problem in the automorphic representation theory is to decompose R. It is well known that R can be decomposed into a discrete spectrum and a continuous spectrum, R = R disc ⊕ R cont . Langlands [23] has studied the continuous spectrum by Eisenstein series. So it remains to study the discrete part
where Π disc (G(A)) stands for the set of equivalence classes of irreducible representations of
Suppose π is an irreducible automorphic representation of G(A F ). Then we have a decomposition
We write π = π R ⊗ π fin , where π R and π fin are irreducible representations of G(R) and G(A fin ) respectively. In this paper we study the multiplicity formula of m disc (π R ) for connected K-group over Q. The original problem comes from [3, p,284] , where Arthur applied the invariant trace formula to compute the L 2 -Lefschetz numbers of Hecke operators. He obtained the sum of multiplicity formula for π∈Π disc (µ) m disc (π R , K 0 ), under a weak regularity assumption on the representations in Π disc (µ), where G is a connected reductive group, and K 0 is an open compact subgroup of the finite adélic group G(A fin ). The packet Π disc (µ) consists of the set of discrete series representations with the same infinitesimal character µ. We will give a formula for single multiplicity m disc (π R , K 0 ) again under regularity assumption on infinitesimal character on π R . Since the double coset space
is finite, we denote by x 1 = 1, x 2 · ··, x n the set of representatives in G(A fin ). The groups 
If G is a connected reductive group over Q, the multiplicities of discrete series have a homological interpretation. The global multiplicity m disc (π) occurs in the well known isomorphism
(see [3, §2] , the coefficient m disc (π) stands for the multiplicity of π in R disc ), where Π(G(A), ζ) is the set of equivalence classes of irreducible representations of G(A), whose the central character coincides with a given quasi-character ζ on Z. g is the Lie algebra of G; Both of g(R) and K R act on the space of K R -finite vectors of the representation π R ⊗µ of G(R). The relative Lie algebra cohomology groups
give the contribution of π R to the cohomology. V (π K 0 fin ) denotes the subspace of vectors in the underlying space of π fin which are fixed by K 0 , this is a finite dimensional subspace, which gives the contribution of π fin to the cohomology. If the multiplicity of π R occurs discretely in the representation
A representation of K-group G is determined by the representations of connected com-
So we can naturally extend the homological interpretation for the representation on the connected components of K-group to the K-group. Then we can extend (3.2) to K-group.
for the set of equivalence classes of discrete series representations, the set of equivalence classes of tempered representations and the set of equivalence classes of all irreducible admissible representations of G(R), whose central character coincides with a given character ζ on Z. C(G(R), ζ) is the Schwartz space of G(R), whose central character is given by a character ζ −1 on Z. If f is any function in C(G(R), ζ) and π R belongs to Π(G(R), ζ), we can set
The above lemma is an immediate consequence of the trace Paley-Wiener theorem of Arthur [6] . Such f π R is called for a pseudo-coefficient of π R . We say that a function
Now, we fix a function h ∈ H(G(A fin )), and set
Since f π R is cuspidal, which will cancel the contributions from Levi subgroups, so the invariant trace formula simplifies. The spectral side of the invariant trace formula is
If we take h for the characteristic function
We can expand m disc (π R , K 0 ) and tr(R disc (π R , h)) by using the geometric side of invariant trace formula, but we cannot obtain an explicit formula directly. This is because f π R is not a stable function, so we can not cancel the contribution of the non-trivial unipotent elements in the invariant trace formula.
If the test function f is stable cuspidal. We can obtain an explicit formula through the geometric side of the invariant trace formula [3] , and the results are easily extended to K-group. In the rest of this section, we review the setup in [3] . Firstly, if G is a connected K-group over R, f ∈ C(G(R), ζ) is stable cuspidal and γ ∈ M(R), where M(R) is a Levi subgroup of G(R), then following the section 4 and section 5 of [3] , when γ is G-regular, one defines
Then one has the formula:
and Φ M (γ, f ) is equal to zero if γ is not semisimple (see [3, Theorem 5.1] ). Here we denote by
γ is an element in M(R) with the Jordan decomposition γ = σu, G * is isomorphic to G over C, and G * /A G (R) is compact. τ is the contragredient of τ. The other terms are explained as follow:
B is a maximal torus of G(R) that is contained in K R , and K R is a maximal compact subgroup of G(R). The invariant distribution Φ M (γ, τ) is given in terms of Harish-Chandra's formula for stable character of discrete series. Let us review the explicit formula for the averaged discrete series characters. We can naturally extend it to the K-group G(R). Let Z(B) be the centralizer of the connected component G(R)
• in K R . B(R) (refer to [13, Lemma 3.4] ) equals the product of its connected component B(R)
• with Z(B). We set ρ B as usual to be half of the sum of positive roots of (G, B). Let Λ(ζ) denote the set of pairs
is a well defined quasi-character on B(R) whose restriction to A G (R)
• equals ζ, and λ is regular. Λ(ζ) equipped with an action of Weyl group W (G, B). The discrete series are parameterized by the W (G(R), B(R))-orbits in Λ(ζ). We denote by φ a discrete Langlands parameter, and then we can find that an L-packet Π φ corresponds to the partition of a given
where T is a maximal torus which is R-anisotropic modulo A(R)
• , and T is conjugate with B.
Let η : G * → G be an isomorphism over C such that the automorphism η σ η −1 is inner for σ ∈ Gal(C/R). We use η to identity A G with the R-split component of the center of G * , and we assume that G * (R)/A G (R) is compact. Then the representations in Π(G * , ζ) are all finite dimensional, According to Langlands classification [22] , the set Π disc (G(R), ζ) is a disjoint union of finite subsets Π disc (τ), which are parametrized by the irreducible representation τ in Π(G * (R), ζ). If τ and φ are parametrized by the same infinitesimal character, then the L-packet Π φ equals the finite set Π disc (τ). We can set Φ M (γ, φ) = Φ M (γ, τ).
For given τ ∈ Π(G * (R), ζ), let (ζ, λ) ∈ Λ(ζ) be the point in the corresponding orbit, such that λ is positive on all the positive co-roots of (G, B). Then if
is a regular point in B(R), we have
α(H) ).
For the general averaged discrete series character Φ M (γ, τ), let T be a maximal torus in M, which is R-anisotropic modulo A M (R)
• . We take R to be the set of real roots of (G, T ). The existence of torus B means that W (R) contains an element that acts as −1.
We can take T from its M(R)-conjugates so that T = (T ∩B)A M . Then there is an element y ∈ G(C), such that Ad(y)(b(C)) = t(C), where t is the Lie algebra of T .
Suppose that τ ∈ Π(G(R), ξ). (ξ, λ) ∈ Λ(ξ) is a point in the corresponding W (G, B)-orbit such that yλ is positive on all positive co-roots of (G, T ). Then Φ M (γ, τ) vanishes for any regular point γ ∈ T (R) unless γ is of the form
Here ε R (H) = (−1)
H is a regular point in t(R), which is the Lie algebra of T (R), and R + H for the set of roots which are positive on H. ε(s) is a sign function on
is an integer valued function, which is defined for root systems R whose Weyl group W (R) contains −1. The functionC(Q + , R + ) is uniquely determined by the following four properties.
(1)C(sQ
. (2) The numberC(Q + , R + ) vanishes unless ν(X) negative for every X ∈ a R + , and
Here R + is a system of positive roots for R, and Q + is a positive system for the set Q = R ∨ of co-roots, Q + λ is the set of co-roots α ∨ of Q = R ∨ for which λ(α ∨ ) are all positive.
Arthur [3] extended Φ(γ, τ) to a continuous, W (M, T )-invariant function on T (R), and then extended to a function on M(R), which is a connected reductive group, and Φ(., τ) is a M(R)-invariant function on M(R) which is supported on the M(R)-elliptic conjugacy classes. If M ∈ L is not cuspidal, then we set Φ M (γ, τ) to be identically zero.
Finally we come to the geometric side of the invariant trace formula. This will be reviewed in more details in section 4 below. If the representative of the conjugacy class γ ∈ Γ(M, S) is semisimple, it is independent of S. Moreover, for any semisimple element
. So if f is stable cuspidal, we have an explicit geometric expansion of general global trace formula,
and
Global stable trace formula
Suppose now G is a K-group over a number field F . The invariant trace formula can be extended to K-group, which is stabilized by Arthur in [9] , [10] , [11] . We need to recall the basic information about the stable trace formula before applying it to obtain the multiplicity formula. Let S be a finite set of valuations of F that contains the set of archimedean places and the set of places at which G ramifies. The general invariant trace formula is the identity obtained from two different expansions of a certain linear form I(f ) in [2] for f ∈ H(G, S), the Hecke algebra of G(F S ). The geometric expansion
is a linear combination of distributions parametrized by conjugacy classes γ in Levi subgroups M(F S ). The spectral expansion
is a linear combination of distributions parameterized by representations π of Levi subgroup M(F S ).
Arthur studied the more general coefficients a M (γ) and a M (π), which are the global objects. The terms I M (γ, f ) and I M (π, f ) are the local objects. We can apply splitting formula and descent formula to reduce the distribution to Levi subgroup of G. The multiplicity formula results are described by the geometric side of the global trace formula.
We need to stabilize the coefficient a M (γ) and the invariant distribution I M (γ, f ). Those are the corresponding global theorem and local theorem [11] . Firstly, we recall the relation between the coefficient a M (γ) and a M (S, γ). We will freely use the notation in [9] . It suffices to consider M = G. The coefficient a G (S, γ) is defined on Γ(G, S), where Γ(G, S) is the set of the (G, S)-equivalence classes in G(F ). The two elements γ and γ 1 in G(F ), with standard Jordan decompositions γ = cα and γ 1 = c 1 α 1 , are defined to be (G, S)-equivalent if there is an element δ ∈ G(F ) such that δ −1 c 1 δ = c, and such that δ −1 α 1 δ is conjugate to α in G c (F S ). It is the usual conjugacy class if γ is semisimple.
For a general element γ = cα, c being the semisimple part, α being the unipotent part, the coefficient is defined by a descent formula,
where stab(c, α) stands for the stabilizer of α in the finite group (G c,+ (F )/G c (F )), which acts on the set of unipotent conjugacy classes in G c (F S ). i G (S, c) is equal to 1, if c is F -elliptic in G, and the G(A S ) conjugacy class of c meets K S ; otherwise equal to 0. The descent formula reduces the study of a G (S, γ) to the case of unipotent elements.
We set a
where {γ} is summed over those (G(F ) ) G,S that map to γ S , and such that the G(A S ) conjugacy class of γ in G(A S ) meets K S , Z(F, γ) = {z ∈ Z(F ) : zγ = γ} = {z ∈ Z S,O : zγ = γ}, and γ S /γ is the ratio of the invariant measure on γ S and the signed measure on γ S that comes with γ. The coefficient a G ell (γ) is supported on the set of admissible elements in the discrete subset Γ ell (G, S, ζ) (see [9, (2.6 
where admissible elements is defined in [9, §1] . We denote by
If M is a Levi subgroup of G, and µ belongs to Γ(M Z S , ζ S ), the induced distribution µ G is a finite linear combination of elements in Γ(G Z S , ζ S ). We write Γ(G, S, ζ) for the set of elements so obtained, as M ranges over L and µ runs over the element Γ ell (M, S, ζ), these objects are compatible with the spectral side.
If f ∈ H(G, V, ζ), then the linear form I(f ) has a geometric expansion [9, Proposition 2.2]
The general trace formula was stabilized by Arthur, who inductively defined a general stable distribution on the quasisplit group G ′ which is independent of the G, and then built up the endoscopy trace formula.
If G is quasisplit, Arthur [11] proved that
is stable. For G general, he [11] proved
The endoscopic trace formula I E (f ) and the stable trace formula S G (f ) both have a geometric expansion (4.4)
and (4.5)
Here the relation between coefficients is given by
, and the coefficients a G (γ) and b G (δ) are independent of S.
To stabilize the general trace formula, it essentially amounts to comparing the two expansions (4.4) and (4.5). Assuming the Fundamental Lemma and the weighted Fundamental Lemma, Arthur [11] has proved this, and in 2008 Ngo [20] proved the Fundamental Lemma. The weighted version was proved by Chaudouard-Laumon. So now the stable trace formula is available.
We have the formula for the stable coefficient
where the stable term S G M (k) comes from the unramified weighted orbital integrals r G M (k) (the weighted Fundamental Lemma was applied to this part). Here b G ell (δ) also satisfies a descent formula [10] , if δ S is an admissible element in ∆ ell (G, S, ζ) with Jordan decompo-
where d is summed over the set of elements in ∆ ss (G * ) whose image in ∆ ss (G * S ) equals d S , where G * is quasisplit inner form of G, and β is summed over the orbit of ( 
where [18] .
We obtain a stable form of the invariant trace formula 
This is a consequence of the stable splitting formula [8, Theorem 6.1]. Indeed we set V = V 1 V 2 , where V 1 is the set of archimedean places,
. However V is finite, so we continue this process to obtain
We now get the following proposition by combining (3.4).
Proposition 4.1. For any h ∈ H(G(A fin )), and f
(4.6)
We now have a stable trace formula. In order to make this more explicit, we need to examine the individual terms more closely. The stable orbital integral (h M ) M ′ (δ) is treated by the transfer theorem. The term S G M (δ, f π R ) is a stable distribution attached to a invariant distribution, which is more complicated. We need to give an explicit formula for S G M (δ, f π R ). We know that the local component of stable global trace formula is more complicated than the local component of stable local trace formula. But if the test function is stable cuspidal, they are the same, because the component of invariant local trace formula and the local component of invariant trace formula are the same, when G is a connected reductive group [3] . Moreover we have the following proposition.
Proposition 4.2. If G(R) is a K-group, G
′ is the endoscopy group of G, f is a cuspidal function in H ac (G(R), ζ), δ ∈ M ′ (R) is any element with Jordan decomposition δ = cu, and u is a non-trivial unipotent element, then S
Proof. G is a K-group over R, we can write G = ∐ α∈π 0 (G) G α , where G α is a connected reductive group. If δ ∈ M ′ α and δ = cu, u is not trivial, then we have
The third equality is from Arthur's result [3, Theorem 5.1]. Indeed we know that when G is a connected reductive group, and when the test function is stable cuspidal, then the corresponding invariant distribution vanishes on the non-semisimple element. However f
From the above proposition, we see that the component of stable local trace formula and the component of stable global formula are compatible. So we have reduced the study of the stable trace formula to the stable local trace formula in the archimedean case. There are two ways to study the stable distribution S G M (δ, f ∞ ). One way is to explicitly stabilize the invariant trace formula in this special case. The other is to stabilize the local trace formula, and then we compare the stable Weyl integral formula with the stable local trace formula. In this paper we follow the second way.
The transfer factors of spectral side and characters
Suppose that G is a reductive K-group over R, Z stands for a central induced torus in G over R, ζ is a character on Z(R). Before we discuss the stabilization, we need to recall the invariant local trace formula [4] and virtual characters in the Archimedean case [5] . We set V = {∞ 1 , ∞ 2 } for two Archimedean places. Then G V = G(R) × G(R) and ζ V = ζ × ζ −1 , while f = f 1 ×f 2 , where f 1 , f 2 ∈ C(G(R), ζ). Then f is a function in the Schwartz space
The geometric side of the local trace formula is the linear form
ζ) is in bijection with the family Γ ell (M) of elliptic conjugacy classes inM (R) = M(R)/Z(R).)
The spectral side is the linear form
We denote the leading term ( i.e. M = G in (5.2)) by I disc (f ). Then
, and
where τ = (M, π, r).
π is the subgroup of elements w ∈ W π such that the operator R(w, π)(see [5, §2] ) is a scalar. 
where Γ G−reg,ell (M, V, ζ) is the subset of strongly G regular, elliptic elements in the basis Γ(M, ζ), and i
We write G for the complex dual of G, and L G for the L-group G ⋊ W R , which acts through W R → Γ, Galois group Γ = {1, σ}.
An endoscopic data for G is a tuple (
(1) G ′ is a K-group and quasi-split over R, and so has dual Galois automorphism σ G ′ .
(2) G ′ is a split extension of W R by G ′ , where W R acts through W R → Γ, and σ act as We denote E(G) for the set of equivalence of endoscopic data for G.
where the equivalence relation is defined by G conjugacy.
We first recall the geometric side of stable local trace formula, which is given by Arthur [11, §6] . We shall identify G ′ with the diagonal endoscopic datum
We can choose a compatible auxiliary data forḠ ′ , so that the relative transfer factor for (G,Ḡ ′ ) is the inverse of the relative transfer factor for (G, G ′ ), then we have transfer property,f 2Ḡ
2 . The transfer mappings [8] were used to construct supplementary linear forms I E (f ) and S G (f ) from I(f ), where
are determined inductively by the further requirement such that I E (f ) = I(f ) if G is a quasi-split group. Here
For G general, we have I(f ) = I E (f ) [11, §6] . If G is quasi-split, we have a geometric expansion [11, (10.11) ]
. The spectral side of the local trace formula was stabilized in [8] , when the test function f ∈ C cusp (G, ζ) × C(G, ζ −1 ). But it is just a formal formula that matches the geometric side. The point of the present work is to directly construct the spectral side of the stable local trace formula. We need to review a few facts about the spectral side of invariant local trace formula, before constructing a stabilization.
The irreducible tempered representations could well be regarded as the objects dual to semisimple conjugacy classes in G(R). It is better to take the family of virtual characters [5] , which is parametrized by a set T (G, ζ).
Definition 5.1. T (G, ζ) is the set of W 0 orbits of the triplet τ = (M, π, r), M ∈ L, π ∈ Π 2 (M, ζ), r ∈ R π , where Π 2 (M, ζ) stands for the equivalence classes of irreducible unitary representations of M(R) which are square integrable modulo the center, whose central character is ζ, and R π is a fixed central extension
The purpose of the extension is to ensure that the normalized intertwining operators, r → R P (r, π), r ∈ R π , P ∈ P(M) for the induced representation I P (π), give a representation of R π instead of just a projective representation of R π . However, in the Archimedean case, R π is a product of groups Z/2Z, the cocycle which defines R π splits, so we take R π = R π .
There is a bijection ρ → π ρ from Π(R π ) the set of irreducible representations of R π onto the set of irreducible constituents of I P (π), with the properties that
We can write
, where π λ (x) = π(x)e λ(H M (x)) for any x ∈ M(R). This gives the structure for T (G, ζ) a disjoint union of finite quotients of compact tori. We will write T (G, ζ) C to be the disjoint union over {M} of the spaces of We denote T disc (G, ζ) for a set of orbits (M, π, r) in T (G, ζ) such that W π (r) reg is not empty. Then
which satisfy the following three conditions;
(1) α is supported on finitely many components of
Here S(T (G, ζ) ) is the space of smooth functions α on T (G, ζ), such that for each M ∈ L, each integer n and each invariant differential operator D = D λ on ia * M,Z transferred in the obvious way D τ α(τ ) = lim λ→0 D λ α(τ λ ), τ ∈ T ell (M, ζ) to T ell (M, ζ), and such that the semi-norm
is finite, where µ τ = µ π for τ = (M, π, r). µ π is the linear form determined by the infinitesimal character of π. Then there is a natural topology which makes I(G(R), ζ) into a complete topological vector space. By means of the inversion formula (5.5), we can identify I(G(R), ζ) with the topological vector space of functions on Π temp (G(R), ζ), and also denoted by I(G(R), ζ).
The trace Paley-Wiener theorem [6] is equivalent to the assertion that the map which sends f ∈ C(G(R), ζ) to the function f G (τ ) = Θ(τ, f ) is an open, continuous and surjective linear transformation from C(G(R), ζ) onto I(G(R), ζ). Observe that if τ ∈ T ell (G, ζ), there is a function f ∈ C(G(R), ζ) with f G (τ ) = 1, and such that f G vanishes away from the ia * G,Z orbit of τ ∈ T (G, ζ). We call such a function f for a pseudo-coefficient of τ .
Stabilization of the spectral side of local trace formula depends on Shelstad's works. She [28] , [29] directly constructs the spectral transfer factors and obtains the transfer theorem. The adjoint relation on K-groups and the structure of tempered L-packets are given in [30] .
We denote by Π temp (G, ζ) the set of tempered representations, with central character for
We denote Φ(G) for the set of G-orbits of parameters which are tempered, which means that the image of W R in G is bounded. We denote Φ 2 (G) for the subset of parameters in Φ(G) which are cuspidal. The cuspidal condition means that the image of W R is contained in no proper parabolic subgroup. There is a canonical decomposition
For any φ, we denote S φ as the centralizer of the image of φ in G, and S φ stands for the group of connected components inS φ = S φ /Z( G)
Γ . We say that φ is elliptic, ifS φ,s is finite for some semisimple element s ∈S φ . For any parameter φ ∈ Φ(G), we denote the central character ζ for φ, whose Langlands parameter is just the composition
The entire set Φ(G) decomposes into a disjoint union of the subsets Φ(G, ζ). The set Φ 2 (G, ζ) also comes with an action
Given s ∈S φ , we attach an endoscopic data
• and the image of φ. ξ s is the inclusion G s ֒→ L G and G s is a quasi-split group. Usually, G s need not be an L-group, namely that there might not be an L-isomorphism from G s to L G s which is the identity component of G ′ . To deal with this problem, we need to make a z-extension G ′ of G ′ . For simplicity, we assume
Shelstad established the spectral transfer mapping, which is given by a linear combination
The coefficients are spectral transfer factors ∆(φ ′ , π). They are established explicitly by Shelstad in [29] , which are compatible with the geometric transfer factors. We assume implicitly that the Langlands parameter φ is relevant to G, in the sense that if its image is contained in a parabolic subgroup L P ⊂ L G, then L P is dual to a Q-rational parabolic subgroup P ⊂ G. It then gives rise to the L-packet Π φ that was an integral part of Langlands's classification of representations of real groups [22] . Π φ is a finite subset of representations in Π temp (G, ζ) whose constituents have the same local L-functions and ε-factors, and Π temp (G, ζ) is a disjoint union over φ ∈ Φ(G, ζ) of the subsets Π φ . Shelstad established that for any φ, the distribution
is stable, in the sense that it depends only on the image f G of f in S(G, ζ). Here S(G, ζ) = {f G : f ∈ C(G, ζ)}, and f G is the stable orbital integral
When applied to G ′ instead of G, this gives the left hand side of (5.6). We also assume that the given pair (G ′ , φ ′ ) is relevant to G, in the sense that the composite Langlands
Then we have a bijection mapping
where s ∈S φ .
Shelstad also established the inversion of the transfer mapping, which is given by a linear combination
of stable characters on endoscopic groups, where s sc ∈ S φ comes from an extension
where S φ,sc is the preimage ofS φ in G sc , the simply connected cover the derived group of G and Z sc = Z( G sc ), φ s stands for the parameter φ ′ that corresponds to the pair (φ, s) under the map (5.7). The inversion of transfer mapping rests on explicit adjoint relations for spectral transfer factors ∆ spec defined initially as a product ∆ I ∆ II ∆ III in the G-regular case in [29] , and we have adjoint relations
where the sum is over semisimple representative s sc for
δ(., .) denotes the Kronecker delta function. If π and φ s correspond to the same L-parameter φ, then
n(π) = |S φ | is the cardinality of the L-packet of π, ∆ = |∆(φ s , π)| is a constant (independent s), which is compatible with geometric transfer factor. However, the geometric transfer factor is unitary, so we take ∆ = 1.
We also obtain the other adjoint relations
where φ = ξ s • φ s , s, s ′ in S φ . So we can define an inversion adjoint transfer factor
where χ(r) = tr(ρ ∨ (r)). (Recall that R π is finite abelian group.) We obtain
However, when we define the transfer factor ∆(φ s , τ ), we need to assume that the Langlands parameter φ to be elliptic. This means that Π φ contains elliptic representations. φ factors through a discrete parameter for a cuspidal Levi subgroup L M, and so through L T M [22] , where T M is the maximal torus which is compact modulo the center of M. We consider the associated short exact sequence [29] 1
where R φ is the Langlands R-group, and the group E(T M ) is isomorphic to S φ M , where M is a Levi subgroup of G, and φ M : W R → L M is a Langlands parameter for M whose image in L G equals φ, and whose L-packet Π φ M consists of representations in the discrete series of M(R).
Suppose π M ∈ Π φ M corresponds to the character χ on the group S φ M . Since S φ is an abelian group, R χ equals the full group R φ , where R χ is the subgroup of elements in R φ that stabilize χ, and χ extends to a character θ on S φ . The set of such extension θ is a torsor under the action of the characters in R φ . It corresponds to subset Π φ,π M of Π φ , composed of the irreducible constituents of the induced representation I G P (π M ), where P belongs to the set P(M) of parabolic subgroups of G with Levi component M. So we have
On the other hand, we identity the stabilizer W φ of φ M with a subgroup of W (M), where W φ = W (S φ , A M ), which is to say, the group of automorphisms of A M induced from S φ , and
• . This Weyl group contains the stabilizer W π M of π M . It is a consequence of the disjointness of tempered L-packets for M that W φ contains W π M . From the above discussion, we know that any element in W φ stabilizes π M . Therefore W φ equals W π M . Moreover, we know that elements in the subgroup W 
And we get a bijection from T φ to S φ .
We can define the adjoint transfer factor
where τ = (M, π, r), R π is a 2-group, and π χ is the irreducible component of the induced representation of π, which corresponds to χ by Arthur's classification Theorem in [5, §2] . So we obtain
The transfer factors have the following properties.
we have the adjoint relations,
Proof. We first check (1).
where |R π | = |R φ |, and n(π) = |S φ |. We obtain the equation (1).
We now prove (2) . We only check (5.10), as (5.11) is similar. Observe that φ is relevant to G, and
Using the fact that the characters of representations are linear independent, then we obtain the identity (5.10).
We return to analyze the transfer factors
where ∆(φ s , π χ ) is defined directly by Shelstad in [29] , and extended to a K-group [30] . She also checked Arthur's conjecture for the transfer factors in [12] , and obtained the formula for ∆(φ s , π χ ) in [30] :
, and s sc is the preimage s of the mapping S φ → S φ . ζ G comes from Arthur's paper [8] . And
If G is quasi-split, ρ(∆, s sc ) = 1, so the formula for the transfer factor simplifies:
In section 6, we will stabilize the spectral side of the invariant local trace formula when one of the component of test function is cuspidal, which is enough to give the multiplicity formula.
Stabilization of the elliptic terms
We now consider the test function f = f 1 ×f 2 , f 1 ∈ C cusp (G(R), ζ), f 2 ∈ C(G(R), ζ), G is a K-group over R. Recall that C cusp (G(R), ζ) stands for the space of functions f 1 in C(G(R), ζ) that are cuspidal, in the sense that the orbital integral
is supported on the subset Γ ell (G) of elliptic classes in Γ(G).
We assume that f 1 is cuspidal. We set
For the given f , I disc (f ) equals the spectral side of the local trace formula. We have Now we can regard I disc as a linear form on the subspace
For stabilization, we need to consider Langlands parameters φ which are elliptic. We can define a corresponding set
We denote SI cusp (G ′ , ζ) for the set of linear forms f
We have
Lemma 6.1. The transfer factors ∆(τ, φ) and ∆(φ, τ ) have finite support in φ for fixed τ , and finite support in τ for fixed φ. Moreover,
where δ(τ, τ 1 ) and δ(φ ′ , φ ′ 1 ) are Kronecker delta functions. Proof. That ∆(τ, φ) and ∆(φ, τ ) have finite support, which is equivalent to saying that Shelstad's transfer factor ∆(π, φ) and ∆(φ, π) have finite support, following from [29, §7] . The proof of second part is similar to Proposition 5.2 (2).
We define a measure on Φ 2 (G, ζ) by setting
has the measure obtained from the quotient measures on the set Φ 2 (G ′ , G, ζ) and the transfer factors govern the change of variables of integration.
Proof. According to the definition of the measure dτ , we can decompose the left hand side of the required identity into an expression
We recall that the transfer factor ∆(φ, τ ) vanishes unless τ ∈ T φ . We observe from the definition that φ µ = φ • ρ µ . Here
. If ∆(φ µ , τ λ ) doesn't vanish, then φ µ and τ λ correspond to the same parameter φ λ . So, µ = λ. We see that the sum over µ reduces to the one element µ = λ. The expression becomes
where (τ, φ) is summed over pairs in (T ell (G, ζ) × Φ E ell (G, ζ))/ia * G,Z . From its obvious symmetry, we conclude that the expression must also be equal to the right hand side of the required identity. The identity is therefore valid.
In the following, we will stabilize the elliptic terms of the spectral side of invariant local trace formula and obtain the explicit formula for the coefficients .
Assume that f 1 is a cuspidal function, we denote |d
is also a function in I(G(R), ζ), which is supported on T ell (G, ζ). Applying the trace Paley-Wiener theorem, there exists a cuspidal function f 1 ∈ C(G(R), ζ) such that
For computing the coefficient of the spectral side of the stable local trace formula, we need to consider two cases. One is that π is elliptic as well as regular, the other is that π is elliptic and not regular. Consider the first case, then π is a discrete series representation. Thus there exists φ which is cuspidal, and satisfies π ∈ Π φ . The image of φ is contained in no proper parabolic subgroup of L G. For each s sc in S sc φ , the parameter φ is discrete, so that π s is also a discrete series representations of
We need to recall some details of Langlands parameters φ. We fixed a splitting spl G = (B, T , {X α ∨ }) of G, where B is a Borel subgroup in G, T is a maximal torus in G included in B, X α ∨ is a eigenvector of α ∨ . Let ι be half of the sum of the positive roots of T in B. Then according to [22] or [27, §7] , one considers pairs (µ, λ) ∈ (X * (T ) ⊗ C) 2 , which parameterize Langlands parameters φ, with φ = φ(µ, λ) being defined by
for z ∈ C * , and
where T is a maximal torus of G(R), there is a canonical G-conjugacy class of admissible embedding ξ : L T −→ L G, then ξ maps T to T by the isomorphism attached to the pair (B, T ) and the choice of a Borel subgroup B in G containing T . There exists h ∈ G such that (h
, which is an element in the Weyl group W ( G, T ), then σ T = ω T (σ) × σ. We have n(σ T ) = n(ω T (σ)), and n(ω T (σ)) was defined by {X α ∨ }, as in [24, section 2.1]. µ and λ satisfy the property
Here µ is determined uniquely, while λ is determined modulo
and φ is determined uniquely up to T -conjugacy.
For the endoscopic datum
We then have a relation: µ = µ ′ + µ * , and λ = λ ′ + λ * . If µ is dominant and regular, then π is a discrete series, which belongs to Π φ , and π ′ ∈ Π φ ′ is also a discrete series. In this case, we know the cardinal number of the L-packet Π φ , which equals |S φ | in [30, Corollary 7.6] , and
In this case the R-group R φ is trivial. Then we obtain
Since the tori T and T ′ are isomorphic, the third equality holds, and the second equality comes from the Tate-Nakayama duality.
In the following we deal with the singular elliptic case. In other words, if π ∈ Π φ 1 is elliptic representation, then the Langlands parameter φ 1 factors through a discrete parameter for a cuspidal Levi subgroup L M and so through L T M , where the maximal torus T M is compact modulo the center of M [22] . Following the argument of [27] , we can construct a new Langlands parameter φ in the conjugacy class of φ 1 and factoring through L T , where T is compact modulo the center of G. This new Langlands parameter φ will be of the form φ(µ, λ) as in the first case, but now the regularity requirement on µ is not necessary, we call such a φ for a limit of discrete parameters. We obtain, by transfer of a discrete parameter φ ′ for an elliptic endoscopy group, a limit of discrete parameters φ [30, section 9], so we obtain
The second equality comes from the discrete case, where
Thus we have the following lemma.
Lemma 6.4. If φ is elliptic, then we have the coefficient relation
Proof. By (3.7) we have (6.1)
Applying Lemma 6.3, then (6.1) equals
Applying Lemma 6.2, We see that this last expression can be written as
which is just
We obtain
We denote the coefficient as
, whence the last equality by the Lemma 6.4. Then we obtain the required formula
We have thus proved the theorem.
Characters and Stable orbital integral
Assume that the test function f = f 1 ×f 2 , f 1 ∈ C cusp (G(R), ζ), f 2 ∈ C(G(R), ζ), G is a reductive K-group. The key point in the stable trace formula is that the stable distribution S G ′ M ′ (δ, f ) only depends on the quasisplit group G ′ . We have the following theorem.
be any complex number of absolute value 1, then ∆(σ ′ , γ) is defined to be the product of ∆(σ ′ ,γ) with the factor
There is an additional factor ∆ IV (σ
included in the definition of [24] , but since we have already put these normalizing factors into our orbital integrals, the term does not appear in this equation. The remaining factors are all constructed from the special values of unitary abelian characters, and therefore have absolute value 1.
There is a natural measure on Γ ell (G, ζ) given by
for any α ∈ C(Γ ell (G, ζ)), where {T } is a set of representatives of G(R) conjugacy classes of elliptic torus in G over R, W (G(R), T (R)) is the Weyl group of (G(R), T (R)), and dt is the Haar measure on T (R). Γ ell (G, ζ) is the set of conjugacy classes γ in G(R) such that G γ is an elliptic maximal torus in G and as a distribution with a central character ζ on Z(R) as in [9] . Let ∆ ell (G, ζ) be the set of stable conjugacy classes in Γ ell (G, ζ). We define a measure on ∆ ell (G, ζ) by setting 
β(t) dt
for any β ∈ C(∆ ell (G, ζ)), where {T } stab is a set of representatives of stable conjugacy classes of elliptic maximal tori in G over R. And W R (G, T ) is the subgroup of elements in the absolute Weyl group of (G, T ) defined over R. The measure on Γ ell (G, ζ) and ∆ ell (G, ζ) are related by a formula β(δ)∆(γ, δ)α(γ) dδ.,
Proof. Let ψ : G → G * be the underlying quasisplit inner twist of G. According to (7.4) the integral over Γ ell (G, ζ) can be decomposed into an integral over δ * ∈ ∆ ell (G * , ζ) and a sum over the elements γ ∈ Γ ell (G, ζ) which is mapped to δ * . Similarly, the integral over Γ E ell (G, ζ) can be decomposed into an integral over δ * ∈ ∆ ell (G * , ζ), and a summation over the element δ ′ ∈ Γ E ell (G, ζ) which is mapped to δ * . This depends on the fact that the map δ ′ → S T * (δ ′ ), T * = G δ * is a bijection from the preimage of δ * in Γ E ell (G, ζ) onto K(T * ) = π 0 (( T * ) Γ /Z( G) Γ ), and this bijection depends on G, being a K-group. With the two decomposition, we can represent each side of the required identity as an integral over ∆ ell (G * , ζ), and a double sum over δ and γ. The transfer factor ∆(δ, γ) vanishes unless δ and γ have the same image in the ∆ ell (G * , ζ). The double sum in each case can therefore be taken over the preimages of δ * in Γ E ell (G, ζ) × Γ ell (G, ζ), then the identity follows.
We can now stabilize the Weyl integral formula. We now obtain the formula for the stable distribution S G M (δ, f 1 ) by comparing the stable Weyl integral formula with the stable local trace formula.
for any semisimple elliptic stable conjugacy classes δ ∈ {M(Q)} ell , we have the global coefficient b
. We discuss the transfer of h M (γ). For the given function h ∈ H(G(A fin )), we can find a function h G ′ ∈ H(G ′ (A fin )) whose orbital integrals match those of h. In other words we need h G ′ ∈ H(G ′ (A fin )) such that for all δ ∈ G ′ reg (A fin )
where the sum is taken over M(A fin )-conjugacy classes of images γ ∈ M(A) fin of δ ∈ M ′ (A) fin . It follows from Ngo's proof of the Fundamental Lemma, and Waldspurger's results [32] , [33] that the Fundamental Lemma implies the transfer. Thus the function (h M )
M ′ exists, and h M is defined in terms of h by the formula:
h(k −1 m −1 γmnk) dmdndk.
Here P = MN P is any parabolic subgroup with Levi component M, δ P (γ fin ) is the modular function of P , evaluated at the image of γ in G(A fin ). In particular, the stable orbital integral on M ′ can be taken over M ′ (A fin ) rather then M ′ (Q S 0 ). Here S 0 = S − {∞}, and we have no further need to single out the finite set of valuations.
Remark 8.2. I thank Waldspurger for pointing out the following fact. The Fundamental Lemma is proved in the unramified case. If the situation is not unramified, the problem is more complicated. There are several conjugacy classes of maximal compact subgroups, and there is no natural correspondence between maximal compact subgroups of G and maximal subgroups of G ′ . So we cannot expect a simple formula for the transfer of the characteristic function of some maximal compact subgroup of G. Maybe, we can hope that this transfer is a linear combination of characteristic functions of maximal compact subgroups of G ′ .
We set
and we also write {M(Q)} for the set of M(Q)-semisimple stable conjugacy classes in M(Q). We have obtained the main theorem.
Theorem 8.3. If h ∈ H(G(A fin )), and the highest weight µ of representation is regular, then we have tr(R disc (π R , h))
and the multiplicity formula of the discrete series m disc (π R , K 0 ) = tr(R disc (π R , 1 K 0 )).
Remark 8.4.
(1) The sum in δ can be taken over a finite sum that depends only on the support of h, so the theorem therefore provides a finite closed formula for tr(R disc (π R , h)).
9.
The stable formula of L 2 -Lefschetz number
We can give a stable formula for L 2 -Lefschetz number. We can refer to the Arthur's paper [3] , which gives a formula through the invariant trace formula. We need to recall the basic result in [3] . We still use the notation in [3] . If h ∈ H(G(A fin )), then the L 2 -Lefschetz number where χ µ (π R ) = q (−1) q dim H q (g(R), K
